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We investigate a general class of regularization methods for ill-posed linear
operator equations. An optimal a posteriori parameter choice strategy is developed
for finite-dimensional approximations. The strategy is illustrated for a number of
specific methods. € 1989 Academic Press, Inc.

1. INTRODUCTION

Throughout this paper let X and Y be real Hilbert spaces and let
T: X — Y be a bounded linear compact operator with non-closed range
R(T). We are interested in finding the best-approximate solution Ty of

Tx=y, (1.1)

ic., the element of minimal norm minimizing the residual |Tx— y|. T is
the “Moore-Penrose inverse” of T and is defined on D(7")=R(T)+ R(T)*.
Since we assumed that R(T) is non-closed, T7 is unbounded, so that
problem (1.1) is ill-posed. Problem (1.1) includes integral equations of the
first kind with non-degenerate L,-kernels. Usually, (1.1) is solved by
regularization methods, i.e., one approximates Ty by

x(a, y5):i=Ulo, T*T) T*y;, (1.2)

where the function U(a, 1) approximates A~' in an appropriate sense (cf.
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Section 2). The element symbolizes noisy data. We assume that we have
approximate data y; which satisfy

120y —ys)li <9,

f—
Lad

where @ is the orthogonal projector onto R(7). In [2] an a posteriori
parameter selection method has been proposed which is asymptotically
optimal and which does not need any information about the exact solution.
This method is stated in the infinite-dimensional space X. For numerical
computation, however, one has to approximate X by a sequence of finite-
dimensional subspaces V,,. A posteriori parameter choice strategies for the
finite-dimensional approximation of 7'y using the well-known and effective
Tikhonov regularization have been treated in [S5, 7] (see also [87]). In
[5, 77 convergence rates in terms of the noise level § and the approxima-
tion by finite-dimensional subspaces have been established. However, it has
not been proved in these papers that the proposed methods are asymptoti-
cally optimal. It is the aim of this paper to prove that our parameter selec-
tion method for the finite-dimensional approximation of Ty is asymptoti-
cally optimal (seec Section 4). This method includes ordinary and iterated
Tikhonov regularization as its most important cases, but also contains a
variety of other regularization methods based on spectral theory, like,
e.g., Landweber-Fridman iteration (see Section 5). Before we propose our
method, we {irst investigate the “best possible worst-case error” for general
approximation methods of the form (1.2), finding the exact behavior of this
eITor.

2. ASYMPTOTIC BEHAVIOR

In this section we consider general regularization methods of the form
(1.2) and we establish upper and lower bounds for the “best possible waorst
case error” as defined in [2]. We make the following assumptions about
the function U(g, 4).

AssUMPTION 2.1. Suppose U: R* x Ry — R is continuous and assurre
that for all A >0,

U(0, 2) = lim Ulo, 2)=27"# lim Ula 1)< o0 (2.1)

o — L
and that

AU, 2} < C (2.2}
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for all >0, 4>0, and some constant C. Moreover, we assume that there
exist A>0 and & >0 such that

0< U(-, A) is decreasing on (0, &] for all e [0, 4] (2.3)
and
(AU( -, 2)—1)? is increasing on (0, @] for all 1> 0. (2.4)
Note that (2.3) and (2.4) imply
AU(x, )< 1 for ae [0, a] and Ae [0, £]. (2.5)

Assumption (2.1) is not really very restrictive: (2.1) and (2.2) are always
used in the context of regularization (cf. [6]); the other assumptions are
satisfied for a wide variety of regularization methods (cf. Section 5). Note
that it would suffice to define U(a, -) only for A€ [0, || T *], since only its
behavior on o(TT*), the spectrum of TT*, matters. In this paper we
restrict our attention to compact operators 7, although the following
results are also true for bounded linear operators T" with slight modifica-
tions of the proofs.

For y e D(T"), the best possible worst case error is defined by

U(y, 8) :=sup{inf{||x(o, y5) — TTyll/a>0}/1Q(y — y,)I <6}, (2.6)

where Q is the orthogonal projector onto R(T). We also define the “ideal
data error” by

Plo, 3) = llx(a, 3)— Tyl (2.7)
Finally, define the function A(«) (cf. also [2]) by
h(a) :=sup{AU(a, A)*/Ae a(TT*)}. (2.8)

We show in the next theorem that, under Assumption 2.1, the con-
vergence behaviors of ¥(y, §) and

Yy, 0) :=inf{(d(, y)* + °h(2))' */a >0} (2.9)

are the same as § — 0.

THEOREM 2.2. Suppose ye D(T"), with Qy#0, and let Assumption 2.1
be satisfied. Moreover, suppose that there is a Leo(TT*) with 0<i<]
(4 as in Assumption 2.1). Then

W 0 <¥(y,6)*<2y(y,6) (2.10)
for & sufficiently small.
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Proof. First we show that the estimate on the right-hand side holds for
all 6>0. Let {F,} be the spectral family of 77* Then we have for all y;
with Q(y - y;)I <6

Ix(o, y5)— Tyl > < (Ix(2 3)— Tyl + (o, y)—x(e, yo)ll)?
<2(lx(e, )= TTp)* + (e, 3y — x(ot. 3 5)1%)

=2 (et )= T+ [ 40 P AIFQ0 = 501 )

The estimate now follows from {2.7), (2.8), (2.9}, and well-known speciral
theoretical results.

Concerning the other estimate, let A; be an eigenvalue of TT* in (0, 1]
with associated norm-one eigenvector u, and define 15 by

y5=0Qy—0sgn(Qy, u)u;. (2.11)
Then for all ae (0, &] (& as in Assumption 2.1),
(x(o, y) = Ty, x(a, 35) = x(a, ¥))
=((Ule, TT*) TT* 1) Oy, Ulo,, TT*) Q(y5— )
={(Ula, 4;) 4,— 1) Ula, 1,)(—3) sgn(Qy, u) - (Qy, u;) =20

and
llx(er, 3y —x(ot, ¥5)7 =4, U(e, 4,) 87

Hence,
Ix(e, p5) = Ty = ix(a, ¥) — Tyl + x(e, »)— x{2, y5)01°

+2(x(e ¥) = Ty, X0, p5) — x(, 1))
= dla, y)’ +06°4,Ula, 4,)° (2.12)
for all e (0, 2] and 4,€ (0, A1~ a(TT*). Now define z(«, 5} by
2(a, 8) = (o, ¥)* — 3h{a). (213
Then Assumption 2.1 implies that z is continuous,

lim z(a, §) <0, and Im z(e, 6} >0

x—0 X

for sufficiently small positive J. Therefore, there exists a 6, > 0 such that for
each d (0, 8,] there is an a(d) >0 with z{(a(5), 6} =0, or equivalently

H((8), ¥)* = 6°h(x(5)). (2.14)
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Moreover, a(6)—0 as 0. On the other hand, Assumption 2.1 also
implies that for « sufficiently small, A(a) = 4,U(«, 4;)* for some A;€ (0, 1]
o(TT*). Hence, there is a positive ¢, < d, such that for all positive 6 <J,,
a(d) <a, and

h(a(8)) = 2, U(a(6), 4;)° (2.15)

for some A,=A8)€(0, A1na(TT*). Now let 4; be such that (2.15) holds.
Then by (2.4)

Blo, )2+ 824, Ule, 4,2 = (a(5), y)? (2.16)
for all oce [«(8), @] and by (2.3)
B, 1) + 622, U(e, A)? > 820, U(x(5), 1) (2.17)
for all ae (0, (d)]. Now (2.12) and (2.14)~(2.17) imply that
lx(e, ¥5)— TTy)* = min{g(x(), y)°, 824, U(x(3), 2,)°}
= 3(¢(a( 0) y)? + 6% (h(2(5)))
> (y (2.18)

for all x€ (0, %] and 5 € (0, 6,]. Since Y(y, §) =0 as § — 0, it is easy to see
that

inf{|lx(et, ys) = T"yll/e>0} =inf{|x(2 y5) — Tyll/ae (0, 2]}
for all y; with [Q(y— ys)|| <8 and J sufficiently small. Hence (2.18) and
(2.6) imply that there is a positive §; <, such that for d e (0, 65]
o1
V23, 8)25 (3, 0)% I
If 2(d) is some parameter choice strategy, then we say (compare [27) the
convergence rate for this strategy is oprimal if
Y(3,8)=0((y,8)) as -0, (2.19)

where

Y(y, 0) =sup{lx(a(d), ys) — TYI/IQ(y — )l <6}, (2.20)

and is quasi-optimal, if (2.19) holds for some sequence 6, — 0 as k — oo.
Theorem 2.2 shows that (2.19) is equivalent to ¥(y, §))=0(f(y, §)) as
6 —0.In [2] an a posteriori parameter choice strategy has been proposed
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which always leads to quasi-optimal convergence rates and which gives
optimal rates under a certain (not too restrictive) ccndition on the spec-
trum o TT7*).

In Section 4, we propose an a posteriori parameter choice for regulariza-
tion in finite-dimensional subspaces of the Hilbert space X which is quite
similar to the strategy in [2]. We will also prove quasi-optimality of our
strategy and optimality under a similar condition on the eigenvalues
of IT* as in [2].

3. THE FINITE-DIMENSIONAL APPROACH

For numerical computation one must approximate the infinite-dimen-
sional Hilbert space X by a sequence of finite-dimensional subspaces {V,,].
We use here the same approach as in [7], since it has some numerical
advantages over the usual finite-dimensional approach (see [7]).

Let W,cW,< --- « W, < --- be a sequence of finite-dimensional sub-
spaces of N(T*)* =R(T) and let V,,:= T*W,,. We denote the orthogonal
projectors onto W, and V,, by Q,, and P, respectively. it is wellknown
that for ye D(T") (cf. [6]),

T!y=P, Ty, where T,,:=0,,7, (3.13

and hence T,y is the best approximation to 7'y by elements in ¥,,. There-
fore, it seems to be unnecessary to regularize the finite-dimensional
problem

T"sz QVH ).' (

But it is aiso well known (cf. [1]) that

[
[

T3y~ T3y sl S NQuul s = i/ A0 {3.33

where 4 is the smallest positive eigenvalue of T, T%; n=n{(m) is the
dimension of W,,. If A7 is very small, then the problem of solving (3.2)
with noisy data is severely ill-conditioned. [t has been shown in [7] that
combining projection with Tikhonov regularization is much more effective
than merely projection alone.

In the following we combine projection with a general regularization
method. That is, we approximate 7'y by

x(m, o, ys):=Ula, TET,,) TYys. {3.43
where U(-, -j satisfies Assumption 2.1 (cf. [4] where weaker results are

obtained under different assumptions on U(-,-)). To guarantee con-
vergence of x(m, o, ¥) to T7y as a— 0 and m — o we need some further
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conditions on U(-, -) which, like Assumption 2.1, are also satisfied for a
wide class of methods.

AssumpTION 3.1. In addition to Assumption 2.1, suppose that (2.1)
holds uniformly for 4> and that
sup{(AU(a, )—1)*4/220} -0 as o—0. (3.5)

Note that in (3.5) A>0 can be replaced by 0<A<|T|% since
|T,I°?<||T||* and only the behavior of U(a,-) on the sets o(T,,T%)
matters.

THEOREM 3.2. Let x(m, o, y) be defined as in (3.4) with y; replaced by y
and suppose Assumption 3.1 holds. Then for any sequence 0., — 0 as m — o0,
we have

lim x(m,«a,, y)=T"y.

- oC

Proof. Let {E7} be the spectra family for T%T,, and suppose «,, — 0 as
m — o0. Then (2.5) implies that for m sufficiently large

Ixtrm, dy )12 = [ 22U, 2 IEZT

SUPLTYIP+ | (UG, 2= 1) dIEFT Ty

< Tyl +sup{|A*Ula, 4)* = 11/A€ [4, IT1°1}).

Now, since (2.1) holds uniformly for A > 1 and
|12U(am’ /1)2_ 1] = M-U(ams i)_f_ 1] |(A'U(ama A)_ 1'
S(CH+ DT Uy A)— 271
for 1< || T)|% we obtain

lim sup [Ix(m, o,,,, y)| <N T7yll. (3.6)

m—

Now let {a,} be an arbitrary subsequence of {«,,}. Then by (3.6) {«,}
has a subsequence {a,} with

x(k, ap, Y)—u as k— o0 (3.7)
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for some u, where |u|| < |T7y|| and “—” denotes weak convergence. Now
let - be an arbitrary element of Y. Then

W Tix(k, oy, y)— Tu, 2)||
SUTH xlk, o, 2NN = Q) Qz + [x(k, 2, 3) — 11, T*2))]
-0 as k-» o0, by (3.6)and (3.7}

Hence,

Textk, oy, ¥)— Tu. (3.8)
On the other hand,

I Tex(k, o, p)— Qrl < NT—= Q) Oyl + I Tex(k, e, ¥)— O Il
where [{I— Q) Qy{ — 0, and (3.5), along with
0k y=0,0y=0, IT"y =T, T"y,
implies that
Tty g, 9)= @iyl = | (AU, )= D AdIEST 12
-0 as k- oo.

Hence, by (3.8) Tu= Qy and u= T'y. Therefore,

el

x(m, a,,, y) =Tty as m-— m. (3.

)
By the weak lower semi-continuity of the norm in Hilbert spaces, we have

77yl <lim inf {|x(m, o, Y.

This together with (3.9) proves the assertion. §

Note that this theorem also holds for non-compact operators 7. If we
have noisy data y; with [|Q,,(y — y;)lIl <3, we get the following

CoRrOLLARY 3.3. Ler Assumption 3.1 hold and let 8, and y; be such that
0,,— 0 for m— o0 and |Q,(y — ys )l <0,,. Moreover, assume that a(m, 5,,}
is a sequence such that a(m, 5,,) =0 for m — = and 8% h(m, a{m, 4,,)} — 0
Jor m — oo, where

h(m, o) :=sup{AU(a, A)* /e a(T, TX)H{0}}. (3.10)
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Then

hm x(m, ot(m, 5m)7 )’5,,,) = T*y

nt — 0

holds.

Proof. It follows from the proof of Theorem 2.2 that ||x(m, a, y;)— TTy|
<|lx(m, o, y)—Ty| + 0h(m, 2)*>. Now the assertion follows with
Theorem 3.2 and the assumptions on a(m, d,,). |

Now let a(m, 8,,) be some parameter choice. Then we define as in
Section 2: The convergence rate for this strategy and y is optimal, if

Y(m, y,6,)=00)(m, y,6,)) for m— o (3.11)
holds for every sequence J,, — 0, where
lﬂ(m, Y, ém) = Sup{ ||x(m, ot(m, 5171)’ }'5,,,) - TT ’”/”Qm(yé,,,_ _V)H < 5m} (312)

and

¥(m, p, 8,,) =sup{inf{||x(m, o, y5,)— T 'yl/a>0}/1Q,.(ys5,— ¥ <5, }.
(3.13)

The convergence rate is quasi-optimal if (3.11) holds for at least one
sequence 9,, = 0. As in Section 2 we define

Y(m, y,9,)=inf{d(m, o, y)*+ 62h(m, 2)"?*/a>0}, (3.14)
where
$(m, o, ) := | x(m, a, y)— TTy|. (3.15)
Analogously to Theorem 2.2 we now obtain
THEOREM 24. Let yeD(T') with Qy#0 and let Assumption3.1 be

satisfied. Moreover, let us assume that R(T) is non-closed. Then for every
sequence 6, with §,,— 0 for m — o«

Wi(m, y,0,,)° <dim, 3.6, <2(m, 3,6,) (3.16)
holds for m sufficiently large.
Proof. Since R(T) is non-closed and

\r—17T,1 —0 for m—- (3.17)
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holds for compact operators T (cf, e.g, [7]), A7<4Z for m sufficiently
large, where 1) is the smallest positive eigenvalue of T, T#. This means
that Theorem 2.2 is applicable for T,, and m sufficiently large.

Following the proof of Theorem 2.2 it is not hard te check that due to
Corollary 3.3, Assumption 3.1, and (3.17} &,, d., and &, {(of the proof of
Theorem 2.2) can be chosen independently of m, if m is sufficiently large.
This means there is an Me N and a 5> 0 such that for all m> M and

d€(0, 3] the estimate

sinfl|lx(m, o, ¥)— T, ¥ + 82h(m, a)/a >0}
<sup{inf{||x(m, o, ys) — Th x> 0}/10 (3 — y )il <3}
<2inf{||x(m, o, ¥)— T} y|* + 8*him, 2)ja >0}
holds. This together with §,—»0 for m—oc and |x—77y|2=

lx—TiylP+ | THy— T y)? for all xeV,, (cf(3.1)) implies the asser
tion. J

In the next section we will discuss an a posteriori parameter selection
method which at least always leads to quasi-optimal convergence rates and
under a certain condition on J,,. v 6(T,, T%) even optimal rates.

"

4. A POSTERIORI PARAMETER SELECTION METHOD

Theorem 3.4 and (3.1) imply that a choice of the regularization
parameter o leading to an optimal convergence rate could be achieved by
mininizing

lx(m, o, ¥) — Tyl + 8%h(m, o). (4.1

Of course, this is not possible in reality, since y is not known. But even if
we replace v by y; in (4.1) there is, in general, no unique minimizer. There-
fore, we replace A(m, o) by

h(m, a) :=sup{AU(a, A)*/1 = A7} {4.2)

It follows from (3.10) that h(m, o) < A(m, «). For a variety of regularization
methods the minimization problem

inf{ | x(m, o, y)— Thy|I* + 8 h(m, x)fa>0} {4.23

has a unique solution for every ye Y and the unique minimizer can be
characterized in terms of the derivative of the functional in (4.3} The
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general assumptions on U(x, 1) to guarantee these properties are the
following (compare [2, Assumption 2.1]).

AsSUMPTION 4.1. Let U: R* xR — R fulfill Assumption 3.1. More-
over, let U be continuously differentiable with respect to « and assume that

a— [Ufa, )1 —AU(o, AT A (m, )~} (4.4)

is strictly increasing for all me N and A= A7, where h(m, a), defined by

"o

(4.2), is assumed to be continuously differentiable with 4’(m, o) <0 for all
o >0 and me N. Furthermore, we assume that a constant K exists (inde-
pendently of m) such that

\U' (o, A) - (m, 2) | < K (4.5)
holds for all me N, >0, and 1= 4] (' denotes everywhere 0/0u).
For me N, a >0, and we Y we define
fm, o, w):=h'(m, o) (U, T,, T¥)[I-T,,T*¥U(, T,, T¥)] Q,ow, Q,, ).
(4.6)

f(m, a, w) is defined as f{a, w) in [2] with T and 2g’(a) ! replaced by T,,
and A'(m, a) ™!, respectively. Following the proofs in [2] we, therefore, get
the following results.

PROPOSITION 4.2. (a) For any me N, §>0, and y;€ Y with Q,,y5;#0,
there is a unique a(m, ) such that

f(m, a(m, 8), ys)=yé* (4.7)
holds, provided that
0<y<R(m, y;)-62, (4.8)
where
O0<R(m, y;) 1= lim f(m, &, y;) <Lyl Qm ysl 2 (4.9)
and

L,,:=sup{|[U'(a, 1)(1 —AU(a, 1)) 10’ (m, &) "' |/x >0 and A = 2™}
<K(1+ ). (4.10)
(b) If y>L:=sup{L,/meN}, Qv#0, and y; is such that

10,y —ys)ll <6, then Q,,ys;#0 and (4.8) holds for all m=M and
0 <8< 0, where d is independent of m.
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Proof. The proof follows with Proposition 2.4 and Lemma 2.5a) in {2]
with 7 and g(«) replaced by T,, and h(m, «), respectively. }

THEOREM 4.3. Let U satisfy Assumption4.1; let ye D(TT) with Oy #0
be arbitrary, y> L (L as in Proposition 4.2(b)). and for me N and 6 > 0, let
vs€ Y with Q,, vs be such that 1Q,(y— ys)| <0 and (4.8) holds. Then the
Jfollowing holds:

If a(m, &) is chosen as the unique solution of (4.7), then

x(m, w(m, 8), v5)— Ty|* < p-inf{d(m, o, 3> +5*h(m. 2)|a>0}  (4.11)

holds, where it is a constant independent of v, d, v;. and m.

Proof. The proof follows with Theorem 2.7 in [2] with T and g{«)
replaced by T,, and a(m, a), respectively. §

We are now able to prove the following results about convergence rates,
if the foliowing assumption about U is fulfilled.

AssUMPTION 4.4, Let Assumption 4.1 be satisfied. Moreover, assume
that there are 1> 0 and &> 0 such that for all & (0, 4], U(a, -) is decreas-
ing on [0, 4]. Furthermore, assume that for all 2 € (0, 4] there is a A(a) <4
such that A1U(«, 4)7 is strictly increasing on [0, 4{a)] and strictly decreasing
on [A{e), 4] with respect to A.

THEOREM 4.5. If Assumption 4.4 holds and R(T) is non-closed, then the
parameter choice strategy (4.7) (which is well-defined for sufficiently small
§>0if y> L) is of quasi-optimal order for all y e D(T") with Qy#0. If in
addition,

lim sup C,, < =, {4.12)

=
holds, where C, :=sup{(AP/A7, )/1<k<n} and A7>A7> . >4i7>0

are the positive eigenvalues of T,, T%, then the strategy is of optimal order
for all ve D{T") with Qy #0.

Proof.  Let {d,,} be a sequence such that é,, — 0 for m — 20. Proposi-
tion 4.2 implies that (4.7) has a unique solution «(m, 6) for m sufficiently
large. Now Theorem 4.3 and Theorem 3.4 imply that (3.11) holds i and

only if
inf{@¢(m, a, v} + 62 h(m, a)ja >0} < C-inf{g(m, o, ¥)* + 6Lh(m, a)fo >0}
(4.13)

is satisfied for some constant C. To prove quasi-optimality we have to
show that (4.13) holds at least for one sequence §,, — 0.
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Assumption 4.4 and the non-closedness of R(7T) imply that for m suf-
ficiently large there is an «,, >0 such that A(m, a) = h(m, «) = A7 U(a, A7)
for all «e(0,c,]. Now let «,(5) be the largest global minimizer of
y(m, y, ) (see (3.14)). Then, by Corollary 3.3, there is a J,,>0 such that
for all 6€(0,4,,] «,,(6) <a,,. Now choose a sequence 4,, such that §,, » 0
for m— o and 6,<6, for m sufficiently large. Then we have
h(m, o,,(8)) = h(m, a,,(8)) for m sufficiently large. Hence, (4.13) holds with
C = 1. This proves quasi-optimality of our selection method.

Now suppose that (4.12) is satisfied and let J,, = 0 be an arbitrary, but
fixed sequence. Again, let «,(5,) be the largest global minimizer of
J(m, y,8,,). Then

h‘(m7 a"l(él")) = AU(am(ém)’ A")27

where A=A(m, a,,(5,,))e A7, ., Ay] for some I<k<n or A<A) If
A< ™ then C=1 as above. If Ae [4), ,, A7'], then

h(m, 0,,(3,,)) = AU((3.,,), 2)?
SA L Un(8,0), A1) 4125
<AL 1 U(0(8,,), A%41) - A2

< h(l?’l, o‘m(ém)) " Cm'

Inequality (4.12) implies that 1 < C,, < C < oo and hence (4.13) holds with
this constant C for every sequence d,, — 0. This proves the optimality of
our seclection method under condition (4.12). |

Remark 4.6. We have shown in the proof of Theorem 4.5 that (3.11)
holds without condition (4.12) if §,, converges to 0 sufficiently fast. Of
course, (3.11) holds for every sequence J, where h(m,a,,(d,,))=
h(m, a,,(8,,)), or equivalently h(m, a,,(5,))=AU(x,(5,), 4)* for some
leo(T,, THN{0}.

Note that (4.12) is a sufficient condition for optimality of our strategy.
Since ¢(m, &, y) can converge arbitrarily slowly towards 0 for m - oc and
a — 0, if y fulfills no smoothness conditions, it can happen that ¢(m, a, y)*
is the dominant term in ¢(m, a, y)>+ 62h(m, «). In this situation one would
get even optimal convergence without condition (4.12).

It follows from results in [3] that if lim,, , . sup gap(W,,, ¥, ) <1,
where ¥, is the span of the first n(m) eigenvectors of TT* and the gap is
defined by gap(W,., ¥,,) :=0Q,, — 0,.Il, where 0,, is the orthogonal projec-
tor onto ¥,,, then condition (4.12) is equivalent to

lim sup{A, 4.} /ke N} < o,
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where 4, >4, > --- >0 are the eigenvalues of 7T*. This is the same condi-
tion as in [2], which is also needed there to obtain optimal convergence
rates. This means, if W, is not “too far away” from i, (cf. [3,
Remark 2.77) and the eigenvalues of T7* do not decay faster than
exponentially, then condition (4.12) is always fulfilled and hence our
strategy is then optimal.

Remark 4.7. For iterative regularization methods U(g, -) is replaced by
U(n, -}, where 1/n plays the role of a. Therefore, one cannot define a
derivative with respect to o (see Assumption 4.1). But, nevertheless, all
results we have shown so far can also be proved for iterative regularization
methods, if one replaces « by 1/m in our assumptions and (441,
h'(m, 2} <0, and (4.5) by

AU(n, .
0o VA o U 1)+ U+ 1, )], (4.14)
Ah(m, n)
Ah(m, n) >0, forall m,neN
and
|AU(n, 1)/ AR(m, n)| < K, (4.15)

respectively. A(m, n) is defined by (4.2) with x replaced by # and Av(n) :=
v(n+ 1) —v{n). The parameter selection method (4.7) has to be replaced by
the stopping rule

flm, n(d), y5) <y6%, (4.16}
where n(d) is the minimal # e N, such that (4.16) holds and
flm, n,w) = [4h(m, n)] " ([4U(n, T,, T*)]
x[2I-T,TXUn T, TH+Ur+1,T, 7510w, 0,,w).
(4.17)

For changes in the proofs of Proposition 4.2 and Theorem 4.3 caused by
these replacements see [27].

5. APPLICATIONS TO SPECIFIC REGULARIZATION METHODS

S.1. (fterated) Tikhonov Regularization
Iterated Tikhonov regularization of order # is defined in the following
way. Let x';o" :=0 and for all je N, let x™?, , be the unique solution of

2j+1

(TAT,,+al)x=Tky;+ ox7-?. (5.1}
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As a regularized solution one takes x7"J. x™? can be written in the form
of (3.4) with

(a+A)" —ao"

b=4n*a®*'(14+a) """ and g is the unique positive solution of

n—1 +1
(2n+1)an+an+l__(1+a)n+1=nan__ Z <ﬂk >ak=0. (53)
k=0

For the actual values of a, b5, and K for n=1, 2, 3,4 see Tablel. The
function A(m, &) is given by

Fm O()_{b/o: if a=all
UM U, AT i a<adn,

(The index n of A7 has nothing to do with the order » of iteration.) Let
ema)=K if o=al™ and e(m,a)=(a+ A7) [a" Yo+ A7) —
a2 *1771/2, otherwise. Then the parameter choice (4.7) reads

e(m, a) o™ (T, T+ al) "+ 00, v, 0 y5) =170" (54)

In [7] numerical aspects of this method have been discussed for the case
n=1. Equation (5.4) can be solved using Newton’s method. In our numeri-
cal examples it turned out that one needs about 7 to 12 iterations to find
the solution of (5.4) with reasonable accuracy. After a special transforma-
tion of the system matrices, which needs O(n(m)?*) operations, each itera-
tion step can be performed in O(n(m)) operations. n(m) is the dimension
of W,,. For actual calculations and results about the optimal choice of y
see [7].

TABLE I
n a b K
1 1 0.25 4
2 1.7808 0.6197 32274
3 2.5694 1.0101 2.97
4 3.3611 1.4078 2.8413
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5.2. Showalter’'s Method
Here the regularized solution is defined by

-1

x(m, o, ys) = IO exp(—tT,TX) Tk usdt {5.5}

which can be written in the form (3.4) with

1 —1 :
I —exp{—i0™ "] if 1>90 .
A)= 5.6}
Ula, )= {oc it 1=0. (56}
Again U satisfies Assumption44 with C=1, K=L=L,=1/b=2455 b=
4a exp(—2a) ~ 0.4073, where a~1.2564 is the unique positive solution
of 2aexp(—a)+exp(—a)—1=0; there are no restrictions on &, 4, &, A
R(m, w)=K||@,,w|* The function /(m, ) is given by

h(m, a)=

_ b/a if a=Ala (5.7)
U, ™) a<ila -7)

Let e(ma)=K if a=2ilfa and e(m, a)j=[2(1 —exp(—Arin})
exp( —A7/x)] ~! otherwise. Then the parameter choice (4.7) reads

e(m, a)(exp(—2T,, T }/a) @ ¥s5. @y ¥s) =767 (5.8

5.3. Landweber—Fridman Iteration
Let B&(0, || T| ~%). The method is defined by

xo(ys) =BT hys, X0 1(3s)=U—BTET, ) x7(ys)+BTnys (59)
and can be written in the form (3.4) with
Uln, )=A""[1—(1—81)" "] {5.10}

This function satisfies Assumption 4.4 on (0, | T||?) with C=1, K=2, L, =

2(2—BA™Y(1—pA™*, L=4, and no restrictions on A, / A, # (compare
@, %), and hence on an interval containing (7, TX) for each me N. We
replace A(m, n) by

> i <ng+1,
h(n1,n)={ﬂ(n+1)/2 if n<ng+1 (5.11)

AT =b(1 = BAY i n>ny+ 1,

where 1+ 1= [( ﬁA,, “] and b= b(ny) = [2—BAM(no+2) 1 —pamy w2
—exp(l) as ny— o0. h is easier to calculate than /. Since one can show
that there exist O<Cl < C, such that C,11<13<C3h for all m, re N, all
results which have been proven above also hold with % replaced by 4. Let

640,58,2-6
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e(m,n)=2 if n<ny, and e(m, n)=5b""(1— A7) “* if n>n, (again the
index n of A7 has nothing to do with the nth iteration). Then the stopping
rule reads: Take n=n(6) as the smallest integer which satisfies

L’(n’l n) - ﬁTmT* Har ) 21_ﬁTmT*) Qm Vs Qm )’5)<y52' (512)

One can rearrange iteration (5.9) in such a way that (5.12) can be checked
at no extra cost. For ne N let

ug(¥s)=0mys,»  uns(ys)=U—BT,Tr)u;(ys)+Qmys; (5:13)
then
i (ys) =BT uy(ys) (5.14)
and (5.12) is equivalent to
e(m, m)(un s o(ys) = ui(ys) uity ((ys) — un(5)) < 96°. (5.15)

Once u),.(vs) has been calculated, (5.15) can be checked in O(n(m))
operations.

For some other iteration procedures, e.g., Lardy’s method and Schulz’
method, see [2].
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